Abstract. In this paper, we introduce new modifications of Szász-Mirakyan operators based on (p, q)-integers. We first give a recurrence relation for the moments of new operators and present explicit formula for the moments and central moments up to order 4. Some approximation properties of new operators are explored: the uniform convergence over bounded and unbounded intervals is established, direct approximation properties of the operators in terms of the moduli of smoothness is obtained and Voronovskaya theorem is presented. For the particular case p = 1, the previous results for q-Szász-Mirakyan operators are captured.
Introduction
With a great potential for applications, approximation theory has an important role in mathematical research. Since Korovkin's famous theorem in 1950, the study of the linear methods of approximation given by sequences of positive and linear operators became a firmly entrenched part of approximation theory. Due to this fact, the well-known operators as Bernstein, Szász, Baskakov etc. and their generalizations have been studied intensively. The rapid development of q-calculus has led to the discovery of new generalizations of approximation operators based on q-integers. A pioneer of q-calculus in approximation theory is Lupas [9] , who first introduced the q-analogue of Bernstein polynomials. Since approximation by q-Bernstein polynomials is better than classical one under convenient choice of q, generalizations of other well-known approximation operators were introduced, we refer the readers to [1] for more comprehensive details.
Very recently, Mursaleen et al. applied (p, q)-calculus in approximation theory and introduced first (p, q)-analogue of Bernstein operators. They investigated uniform convergence of the operators and rate of convergence, obtained Voronovskaya theorem as well. Also, (p, q)-analogue of Bernstein-Stancu operators and BleimannButzer-Hahn operators were introduced in [12] and [13] , respectively.
In the present paper, we introduce (p, q)-analogue of Szász-Mirakyan operators. We begin by recalling certain notations of (p, q)-calculus. Let 0 < q < p ≤ 1. For each nonnegative integer k, n, n
Note that if we take p = 1 in above notations, they reduce to q-analogues. Further,
provided that f is differentiable at 0. The formula for the (p, q)-derivative of a product is
For more details on (p, q)-calculus, we refer the readers to [5, 8, 7, 14, 15] and references therein. There are two (p, q)-analogues of the exponential function, see [7] ,
which satisfy the equality e p,q (x) E p,q (−x) = 1. For p = 1, e p,q (x) and E p,q (x) reduce to q-exponential functions.
Construction of operators and Auxiliary results
Considering the second (p, q)-exponential function (1.1), we set the (p, q)-Szász-Mirakyan basis function as
We can also easily see that
Definition 1. Let 0 < q < p ≤ 1 and n ∈ N. For f : [0, ∞) → R we define the (p, q)-analogue of Szász-Mirakyan operators by
The operators (2.1) are linear and positive. For p = 1, the operators (2.1) turn out to be q-Szász-Mirakyan operators defined in [10] . Lemma 1. Let 0 < q < p ≤ 1 and n ∈ N. We have
Proof. Using the identity
we can write
[n]
which is desired.
Lemma 2. Let 0 < q < p ≤ 1 and n ∈ N. We have
Proof. Since the proof of each equalities have same method we give the proof for only last two equalities. Using (2.2), we get
. Corollary 1. Using Lemma 2, we immediately have the following explicit formulas for the central moments.
Remark 1. For q ∈ (0, 1) and p ∈ (q, 1] we easily see that lim n→∞ [n] p,q = 1/ (p − q) . Hence, the operators (2.1) are not approximation process with above form. In order to study convergence properties of the sequence of (p, q)-Szász operators, we assume that q = (q n ) and p = (p n ) such that 0 < q n < p n ≤ 1 and
It is natural to ask the existence of such sequences (q n ) and (p n
Corollary 2. According to Remark 1, we immediately have
Direct Results
In this section, we present local approximation theorem for the operators S n,p,q . Further let us consider the following K-functional:
where δ > 0 and
177, Theorem 2.4] there exists an absolute constant C > 0 such that
where
is the second order modulus of smoothness of f ∈ C B [0, ∞) . The usual modulus of continuity of f ∈ C B [0, ∞) is defined by
Theorem 1. Let p, q ∈ (0, 1) such that 0 < q < p ≤ 1. Then we have
for every x ∈ [0, ∞) and f ∈ C B [0, ∞) , where δ n (x) = 2x
Proof. Let us consider the auxiliary operator
The operatorsŜ n,p,q are linear and it is clear by Lemma 2 that (3.3)Ŝ n,p,q (1; x) = S n,p,q (1; x) = 1 and (3.4) S n,p,q (t; x) = S n,p,q (t; x) + x − qx = x.
Using (3.3) and (3.4) we have
Hence, by (3.2) we can writeŜ n,p,q (f ; x) = S n,p,q (f ;
On the other hand, using (2.6) we get
Then, by (3.6) we have
Also, using (3.2), (2.1) and (2.3) we obtain
Observe that
Taking infimum on the right hand side over all g ∈ W 2 ∞ we have
Using equality (3.1) for every q ∈ (0, 1) and p ∈ (q, 1] we get
which completes the proof. 
Rate of Convergence
we denote the usual modulus of continuity of f on the closed interval [0, a] . For a function f ∈ C 2 [0, ∞), the modulus of continuity ω a (f, δ) tends to zero.
such that q n → 1, p n → 1 as n → ∞ and ω a+1 (f, δ) be its modulus of continuity on the finite interval
Proof. For x ∈ [0, a] and t > a + 1, since t − x > 1, we have
By (4.1) and (4.2), we can write
for x ∈ [0, a] and t > 0. Thus, applying the operators to both sides of above inequality, we have
Hence, by Cauchy-Schwarz inequality and inequality (3.7) we obtainx
we have desired result 5. Weighted Approximation By S n,p,q Now we give approximation properties of the operators S n,p,q on the interval [0, ∞).
Since
Hence we have
which says that S n,p,q are linear positive operators acting from
For more details see [3, 4] . Theorem. A. Let the sequence of linear positive operators (L n ) acting from
Proof. According to Theorem A, it is sufficient to verify the following three conditions (1 − q n ) x 1 + x 2 ≤ 1 − q n and S n,pn,qn e 2 − e 2 2 = sup
Last two inequality mean that (5.1) holds for i = 1, 2. By Theorem A, the proof is completed.
The weighted modulus of continuity is denoted by Ω (f ; δ) and given by
for f ∈ C 2 [0, ∞). We know that for every f ∈ C * 2 [0, ∞) , Ω (.; δ) has the properties lim δ→0 Ω (f ; δ) = 0 and
For f ∈ C 2 [0, ∞) , from (5.2) and (5.3) we can write
All concepts mentioned above can be found in [6] .
there exists a positive constant A such that the inequality
holds, where β p,q (n) = max 1 − pq, 1/ [n] p,q and A is a positive constant.
Proof. Since S n,p,q (1; x) = 1 and using the monotonicity of S n,p,q we can write
On the other hand, we have from (5.4) that S n,p,q (1; x) + S n,p,q (t − x) 2 ; x + 1 δ S n,p,q (|t − x| ; x) + 1 δ S n,p,q |t − x| (t − x) 2 ; x .
Using Cauchy-Schwarz inequality, we can write |S n,p,q (f ; x) − f (x)| ≤ 2 1 + δ 2 Ω (f ; δ) 1 + x 2 S n,p,q (1; x) + S n,p,q (t − x) 2 ; x + 1 δ S n,p,q (t − x) 2 ; x + 1 δ S n,p,q (t − x) 4 ; x S n,p,q (t − x) 2 ; x .
On the other hand, using (2.6) we have
where C 1 > 0 and β p,q (n) = max 1 − pq, 1/ [n] p,q . Since lim n→∞ p n q n = 1 lim n→∞ 1/ [n] pn,qn = 0, there exists a positive constant A 2 such that S n,p,q (t − x) 2 ; x ≤ A 2 1 + x 2 .
Also, using (2.7) we get S n,p,q (t − x) 4 ; x 
